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Abstract

We present a model of low-field steady and non-steady state charge transport through electrically

active interfaces that unifies and extends previous ones. Within the limits of linear response theory,

it provides a theoretical framework for the electrical response of material systems with electrically

active interfaces. We pay particular attention to the (non-radiative) recombination properties of

defects at the interface, thus allowing to characterize surface traps as well as bulk deep levels.

The model is of direct application to many materials in polycrystalline phases (Si, GaAs, ZnO,

BaTiO3,...), whose functionality depends upon charge transport properties, which, in turn, are

defined by the electronic structure and interface recombination rates. For these materials, the

model allows a meaningful interpretation of the electrical response in terms of electronic structure

and recombination properties, covering a very broad spectral range (∼ 14 orders of magnitude), as

well as broad temperature and applied bias ranges.
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I. INTRODUCTION

An electrically active interface (EAI) is a boundary between crystals characterized by

the presence of surface electronic states that capture and emit electrical charge. This paper

presents a new model for the electrical response of one such a structure. The model fully

accounts for the effects of charge trapping and emission at the interface, and it allows to

identify surface traps through their dynamic signature (energy position and capture cross-

section).

When the interface lies between two crystals of the same phase, as in the case of inver-

sion boundaries or grain boundaries within polycrystalline materials, then the structure is

called an electrically active homophase interface (EAHI).1 The electronic structure of EAHIs

controls the charge transport properties of a huge range of materials in polycrystalline form

(either bulk ceramic or thin film), whose electrical response plays a major role in many mod-

ern technologies. Examples include, among many others, Si2–4 or GaAs5,6 for transistors or

efficient solar cells, GaN for optoelectronic applications,7 ZnO for luminescent devices,8

transparent electrodes,9 or thin film transistors,10 SnO2 for varistors11 or gas sensors,12 per-

ovskite materials such as BaTiO3
13,14 or SrTiO3

15 for PTC devices, multi-layer capacitors,

or ferroelectric memories, or YBa2Cu3Oδ for high Tc superconductors.16 The functional

properties of these materials depend crucially upon their interface/depletion layer electronic

structure, which, in turn, is defined by their chemistry and microstructure: an understanding

of the native defects or impurities which confer functionality to a certain interface electronic

structure would be a very first step towards a true electronic structure engineering for this

huge class of materials. Therefore, the microscopic origin of the electrical activity in EAHIs

has been the subject of intensive theoretical and experimental research in the last years.

For example, the electrical activity of grain boundaries in SrTiO3 has been analyzed15 in

terms of the intrinsic nonstoichiometry of these interfaces; calcium doping has been found16

to passivate YBa2Cu3Oδ grain boundaries hence reducing the barrier height and improving

charge transport; and Bi-doped n-type ZnO has been the subject of recent experimental17,18

and theoretical19 studies, leading to a better understanding of the role of Bi as electrical

activator,18 and to the proposal that an interfacial BiZn+VZn+Oi complex is responsible for

the electrical activity of interfaces in this system.19 In the context of these research efforts,

one important achievement is the recent development of powerful spectroscopic scanning

2



probe techniques, based on the concepts of admittance spectroscopy,20–22 which allow for

the study of electronic structures at single interfaces. However, these techniques rely on

highly simplified models of the electrical behaviour of a charged interface. Hence, despite

its great potential, it is widely recognized20,22 that a comprehensive theoretical framework is

needed in order to meaningfully interpret the local electrical response of the interface, hence

allowing the relevant physical information to be extracted. In this sense, a comprehensive

model for the low-field charge transport through EAHIs has become increasingly necessary

in recent years.

The interface/depletion layer electronic structure of an EAHI has been frequently de-

scribed through a geometrical model called double Schottky barrier (DSB) model. The DSB

structure has been found to accurately represent all the relevant features of electrically active

interfaces in materials such as Si,2,4 Ge,23 GaN,7 ZnO,17,19 or even in carbon nanotubes.24 It

also provides accurate description of charge transport in ionic conductors such as zirconia,25

one the fastest known ionic conductors and one of the most widely used in fuel cell technol-

ogy. Additionally, the authors have recently shown26 that a proper analysis of non-steady

state charge transport within the DSB model is able to explain the commonly observed

frequency-domain non-Debye and time-domain non-exponential dielectric response of poly-

crystalline materials. We have also shown how this kind of analysis, based on a DSB model,

provides empirical evidence in favour of the recently predicted27 lack of a dominant shal-

low donor in ZnO.26 In the case of the ferroelectric perovskites such as BaTiO3 or SrTiO3,

the exact conditions of validity of the DSB model are currently under active discussion:

while the DSB model provides an accurate macroscopic description of transport properties

in BaTiO3,
13,28 some recent works suggest that the model is microscopically inaccurate68 in

the case of SrTiO3.
15,29 Note that, in the case of scanning probe spectroscopic techniques,

the highly localized nature of the electrical measurements, which involve just one interface

in contrast with a measurement on a ceramic sample which involves hundreths, makes it

further reasonable to represent the EAI as a double Schottky barrier. Charge transport

through double Schottky barriers was first studied in the works of Pike and Seager,30,31

and two general models were established independently by Pike32 (neglecting deep levels in

the depletion layers) and by Blatter and Greuter33 (incorporating the effect of deep levels).

Very similar theoretical frameworks were later applied to single sided Schottky barriers.34,35

The formalisms developed in these models are different and, in fact, are not known to be
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equivalent.36 Most important, all models assume a simplifying assumption in which the

interface density of states, whatever its shape and value, is characterized by a single, con-

stant capture cross-section. This prevents the models from being useful to analyze interface

recombination properties, which critically determine charge transport.

In this paper, we present a model for charge transport that, by introducing an energy dis-

tributed capture cross-section, takes recombination properties at the interface into account.

The model provides the framework for a meaningful physical interpretation of electrical spec-

troscopic techniques, such as admittance spectroscopy or the recently developed scanning

probe spectroscopic techniques. It provides detailed guidance to asses when these processes,

which have been commonly neglected,7,34 introduce a relevant contribution to current flow

and, therefore, must be taken into account. Certain simple limits of this formalism have been

already introduced,18,26,37,38 but this is the first report of the whole theoretical framework

in its full generality. The plan of the paper is as follows: In section II we briefly summarize

the DSB model. In sec. III we introduce the distributed capture coefficient and obtain the

relevant steady-state charge transport properties. In section IV we present the formalism for

non-steady state transport properites, in the case of negligible concentration of deep donors

in the depletion region: this simplified case allows an explicit analytical calculation of the

system’s admittance. In section V we present the extension of the previous formalism to the

more general and realistic case in which deep donors play a relevant role. Then, section VI

presents our conclusions. Three appendixes present some relevant calculational details, and

provide additional arguments and explanations on certain aspects of the model. Additional

applications of the formalism, as well as a detailed exposition of the broadband spectroscopic

technique that the model originates, will be the subject of a forthcoming paper.

II. DOUBLE SCHOTTKY BARRIER MODEL

The double Schottky barrier model is a geometrical electronic structure model that inter-

relates three different microscopic regions around any electrically active interface (see Fig.

1, depicted for an n-type material): the interface or grain boundary (GB), the depletion

region around the GB, and the bulk grain region. The interface becomes electrically active

by trapping majority carriers, thereby originating the DSB, and its electronic structure con-

trols dc and ac conduction, barrier height, barrier pinning, and charge transport properties.
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The model is explicitly formulated for grain boundaries or any other type of double-sided

interfaces, but it can be easily adapted for the case of Schottky barriers in diodes or any

kind of metal-semiconductor junctions.

Figure 1 depicts the typical band geometry around a GB in a polycrystalline semicon-

ductor. The notation is the same for one-sided junctions (such as Schottky barriers), which

would be essentially represented by the right side of this diagram. A steady-state situation,

under a constant bias V, is represented in Fig. 1. Under a constant bias V = V0, the

geometry of the conduction band is EC(x, V ) = −qe × Φ(x, V ), the associated electrostatic

potential is Φ(x, V ), and the barrier height is ΦB(V ) ≡ −Φ(x, V )|x=0. The carrier concen-

tration in the conduction band is N0 ≡ n, defining the Fermi level position in the bulk

EF (−∞) [with ξ = EC(−∞)− EF (−∞)]. We assume that N0=NS −NA, where NS is the

density of an everywhere ionized shallow donor of energy E0(x, V ) while NA is the density of

an eventual shallow acceptor. Deep lying defects are assumed to be donor-like (neutral when

occupied), and to have densities Nα capture cross-sections σα and energies Eα(x, V ) where

α = 1. . . d numbered from shallower to deeper. The junction is assumed homogeneous, so

the defect densities are constant throughout. The conduction band and the defect energies

bend in parallel, so the energy separation ξα ≡ EC(x, V ) − Eα(x, V ) (α = 0,. . . ,d) remains

constant everywhere for any bias. An interface surface density of states (IDOS) NS(E) ex-

ists at the interface, so that NS(E)dE is the number of available energy levels between E

and E + dE by unit area. Associated with this IDOS is an interface distribution of capture

cross sections given by a certain function σS(E). We henceforth call QS the total charge

per unit area trapped in the interface. Free carriers are assumed to be negligible within the

well defined limits x = −xL0 and x = xR0 of the space charge (depletion) region, where

neutrality is maintained between the positive screening charge due to ionized donors and

the excess negative charge trapped in the interface; away from this region into the bulk, the

positive charge due to the shallow donor is balanced by electrons in the conduction band.

Deep acceptor defects can be incorporated to the model by subtracting their density from

that of the everywhere ionized shallow defect, and treating them as donors.

In a steady state, the occupation statistics of all these states can be described by a quasi-

Fermi level EF (x, V, QS) that, under the homogeneous junction hypothesis, can be written

as:39
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FIG. 1: Schematic of the double Schottky barrier electronic structure model. Open circles rep-

resent neutral states, corresponding either to empty acceptor-like states or to occupied donors.

Circles with a minus sign represent occupied acceptor-like states, filled with electrons. The crosses

represent empty donors that have emitted its electron to the conduction band

EF (x, V, QS) =





−ξ x ≤ −xΓ−

−ξ − qeV1(x, V,QS) −xΓ− ≤ x ≤ xΓ+

−ξ − qeV xΓ+ ≤ x

(1)

where ξ is the energy separation between the conduction band and the Fermi level in the

bulk. The Fermi level keeps flat up to a region −xΓ− ≤ x ≤ xΓ+ that lies very close to

the interface and whose exact limits are of not practical relevance.39 Near the interface, the

quasi-Fermi level bends down in parallel39 with EC (driven by the function V1), in such

a way that the crossing points between Eα(x, V ) and EF (x, V ), denoted −xLα and xRα

(α = 1, .., d), lie always in the flat regions of EF (x < −xΓ− and x > xΓ+). The particular

value of the function V1(x, V, QS) in x = 0 defines the interface quasi-Fermi level, so we

define

V1i(V, QS) ≡ V1(x, V, QS)|x=0 , (2)

and
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EFi(V,QS) ≡ EF (x, V, QS)| x=0 , (3)

hence introducing the convention of attaching a subscript i to any quantity specifically

evaluated at the interface. Now, under a constant V = V0, it is possible to evaluate the

quantity V1i, which happens to depend on the applied bias only:32,40

qeV1i(V0) ≡ qe V1(x, V0)|x=0

= kBT ln(2/(1 + e−qeV0/kBT )),
(4)

Therefore, if we fix the energy origin in the conduction band of the direct biased side,69 the

quasi-Fermi level at the interface in steady state may be written as

EFi(V0) = −ξ − qeV1i(V0), (5)

where we write V0 to emphasize that this expression is valid only in steady state. However,

for the quantities, explicitly evaluated in the interface, it is much more convenient to fix the

energy origin in the top of the valence band at the interface, because is with respect to this

origin that the IDOS NS(E) is constant through the subsequent dynamic evolution of the

barrier. Therefore, for any interface quantity, we take EV (x)|x=0 = 0 and we write

EFi = EFg − qeΦB − qeV1i, (6)

where

EFg = EG − ξ (7)

is the Fermi level in the bulk crystal given with respect to the valence band in the direct

biased side. EG is the band gap. We can now write:

−QS ≡ −QS(V ; NS(E))

= qe

∫ EC

EV

NS(E)fFi(E,EFi)dE, (8)

where fFi(E,EFi) is the interface Fermi distribution function, which depends upon the

applied bias through Eq. (6) for EFi. Please note that both the quantity V1i and the barrier

height ΦB depend upon the bias V .
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The DSB geometry is found by solving the Poisson equation for the potential Φ(x, V )

in −xL0 ≤ x ≤ xR0, with boundary conditions Φ(−∞) = Φ(−xL0) = 0 and Φ(+∞) =

Φ(xR0) = V (> 0). The corresponding charge density is non-uniform due the spatial variation

of the defect energies Eα and the Fermi level EF inside the Fermi distribution function

fF (Eα, EF ):

ρ(x) =
d∑

ν=0

Qν(x) =
d∑

ν=0

qeN
+
ν (x), (9)

where

Qν(x) = qeN
+
ν (x) = qeNν [1− fF,ν(Eν , EF ; x)], (10)

fFν(Eν , EF ; x) =
1

1 + gν exp [(Eν(x)− ξ(x))/(kBT )]
, (11)

where gν is the degeneration factor, essentially equal to the inverse of the degeneration of

the level.41 The quantity Eν(x) is given by Eν(x) = EC(x, V ) − εν = −qeΦ(x, V ) − εν .

Note that the charges Qν(x), associated with each of the deep levels in the depletion layers,

and defined through Eq. (10), are actually volume charge densities. At this point we also

introduce the densities

QLν ≡
∫ 0

−∞
Qν(x)dx and QRν ≡

∫ +∞

0
Qν(x)dx, (12)

which represent a charge per unit area associated with each deep level, as well as the total

charges per unit area

QL =
d∑

ν=0

QLν and QR =
d∑

ν=0

QRν , (13)

which allow us to write the electroneutrality condition as

QS = QR + QL. (14)

At this point the Schottky approximation is assumed, turning the charge density into a

sum of uniform regions:

ρ(x) = qe

d∑

α=0

Nα(θ(x + xLα)− θ(x− xRα)), (15)
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the total charges per unit area at the edges of the depletion region into

QR = qe

d∑

ν=0

NνxRν , QL = qe

d∑

ν=0

NνxLν , (16)

and, finally, the solution of the Poisson equation into a sum of parabolas:

Φ(x, V ) =
−qe

2ε0εr

d∑

α=0

Nαθ(x + xLα)(x + xLα)2 (17)

for −xL0 ≤ x ≤ 0, and

Φ(x, V ) = V − qe

2ε0εr

d∑

α=0

Nα(1− θ(x− xRα))(x− xRα)2 (18)

for 0 ≤ x ≤ xR0. The energy zero lies at the bottom of the conduction band in the direct-

biased side (see Note 65). The equations that determine the 2d + 3 unknowns xLα xRα and

ΦB (α = 0, .., d), were written and solved by Blatter and Greuter,33 who obtained:

ΦB(V, QS) =
VC

4

(
1− V

VC

)2

+
1

qeγ

d∑

ν=1

γνε
′
ν , (19)

where γν = qeNν/ε0εr,

VC =
1

2γ

(
Q2

S

ε0εr

)2

, γ =
d∑

ν=0

γν , (20)

and

ε′ν ≡ ξν − ξ , ∀ν ≥ 1. (21)

Equations (19) and (20) imply that any increase in V tends to reduce the barrier height but,

at the same time, by dragging an increased portion of NS(E) below EFi, it also tends to

increase the trapped charge and, therefore, the very barrier height. From a computational

point of view this means that the quantities QS and ΦB must be found in a self-consistent

calculation for each value of the bias. From a physical point of view, this effect is responsi-

ble for the so called strong barrier pinning, a phenomenon whose practical and theoretical

implications have been recently discussed.37

III. STEADY STATE CHARGE TRANSPORT

The seminal work of Taylor, Odell, and Fan42 on polycrystalline Ge was the first on con-

sidering charge transport through EAHIs from the point of view of electrostatic barriers at
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the interfaces. These authors assumed a diffusion mechanism for charge transport, and com-

pletely neglected any effect due to carrier recombination at the interface. It was Mueller43

who first considered the thermionic emission mechanism and incorporated the recombination

processes into the theory. Since then, a number of works have evaluated many transport

mechanisms (such as tunnel effect or drift-diffusion) in many materials (Si, Ge, ZnO, SnO2,

BaTiO3),
44–47 finding that the thermionic emission mechanism is the most suitable one as

long as qeV < EG. We therefore start from the thermionic emission mechanism, modifying

it to include the effect of recombination processes at the interface. The carriers with enough

thermal energy to surmount the barrier are given by

Jinc,LR = A exp [−(ξ + qeΦB)/kBT ] (22)

and

Jinc,RL = A exp [−(ξ + qeΦB + qeV )/kBT ] , (23)

where A ≡ A?T 2 where A? is Richardson’s constant. In these equations L and R stand from

left and right side in Fig. (1) so, e.g., Jinc,LR means the current travelling from left to right.

We also need to evaluate the amount of charge trapped at and the amount of charge emitted

from the interface in states between E and E + dE. These quantities are:

dJcapt = qecS(E)npt(E)dE, (24)

and

dJemis = qeeS(E)nt(E)dE, (25)

where n is the free electron density, nt(E) = NS(E)× fFi(E,EFi) is the density of electrons

trapped at the interface (occupied interface states), and pt(E) = NS(E)×(1−fFi(E,EFi)) =

NS(E)− nt(E) is the density of empty interface states. These equations actually define the

capture and emission coeficients, where the capture coefficient is given by

cS ≡ cS(E) = σS(E)vth. (26)

Please, note that we have introduced an energy dependent capture coefficient coming

from an energy dependent capture cross section σS(E). There is convincing evidence48–50
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that recombination at the interfaces and in the depletion layers of material systems with

EAHIs proceeds chiefly via a non-radiative multi-phonon emission mechanism.51,52 Atomistic

models of this type of recombination events53–55 clearly demonstrate the strong dependence

of the capture cross-section upon the atomic-scale properties of the defect. Differente defects

are therefore expected to present very different recombiantion properties, i.e., very different

capture cross-section. However, up to now, all the models attempting to describe charge re-

combination at an EAI have arbitrarily assumed a constant value for σS(E). When the main

current concern is to identify the defects that confer determined properties to a particular

interface, this assumption is clearly untenable. The actual IDOS will be determined by the

distribution of intrinsic and extrinsic defects, and each of these defects will be characterized

by a particular recombination behavior, as a function of the atomic-scale properties of the

defect. The dynamic response of the various defects needs by no means be the same. In

order to illustrate the relevance of this point, let us consider passivation of polycrystalline

Si, which is a major issue in the search for cheap and effective materials for solar cells.56

Admittance spectroscopy measurements of poly-Si properties, interpreted within the current

models, do not distinguish between highly dense defects with low recombination activity or

diluted defects with high recombination rates. The essential physics of the process is there-

fore lost. A complete picture should account not only for the densities and energies of the

various defect species, but also for their dynamic (recombination) properties. Introduction

of a distributed capture cross-section is therefore a step towards a better understanding

of interface charge dynamics and a better determination of these dynamics from electric

measurements.

The product qevthn represents the total charge per unit time and unit area available to be

trapped at the interface. Therefore, we can use Eqs. (22), (23), and (4) to write (in steady

state):

dJcapt = AσS(E)NS(E)(1− fFi(E, EFi))

×(1 + exp(−qeV/kBT ))

× exp [−(ξ + qeΦB)/kBT ] dE.

(27)

The detailed balance condition in thermodynamic equilibrium imposes the following relation

between the capture cross-section and the emission coefficient:

eS ≡ eS(E) = σS(E)vthne−(EFi−E)/kBT , (28)
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so, using Eqs. (6) y (7), we write:

dJemis = 2AσS(E)NS(E)(1− fFi(E,EFi))

× e−(ξ+qeΦB+qeV1i)/kBT dE (29)

The total current density flowing through the external measurement circuit is therefore

JR = Jinc,LR − Jinc,RL + 1
2

∫
dJemisdE − ∫

dJcapt,LRdE

= A [1− exp(−qeV/kBT )] exp [−(ξ + qeΦB)/kBT ]

+ A exp [−(ξ + qeΦB)/kBT ]× ∫
σS(E)NS(E)(1− fFi(E, EFi)) [exp(−qeV1i/kBT )− 1] .

(30)

Now, using Eq. (4) and defining a modified capture cross section as

ĉ =
∫ EC

EV

σS(E)NS(E)(1− fFi(E, EFi)), (31)

we can write the simple expression

JR(V0, ΦB) = Ae−(ξ+qeΦB)/kBT
(
1− ĉ

2

)

×
(
1− e−qeV0/kBT

)
(32)

where we have written V0 instead of V to emphasize the steady-state nature of this equation.

The modified capture coefficient ĉ depends upon the amount of unoccupied states at the

interface and, therefore, upon the applied bias (indirectly through the Fermi function).

Note that this model for steady-state charge transport is not valid under high field regimes

qeV ≈ EG.57,58

It should be stressed that the presence of the energy dependent capture cross section

σS(E) below the integral in Eq. (31) has non trivial consequences: it can not be factored

out from the integrals as in previous models.32,33 This modifies all the calculations, as well

as the final expressions for the electrical response.

IV. NON-STEADY STATE TRANSPORT WITHOUT DEEP LEVELS

We will study the non-steady state response of a DSB within linear response theory. This

means that we perturb the steady state conditions with a time-dependent armonic signal
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V ≡ V (t) = V0 + ∆V = V0 + Ṽ eiωt, (33)

which is small in the sense that

Ṽ ¿ kBT, (34)

and we expand all quantities in a Taylor series around the steady state conditions retaining

only those terms that are linear in ∆V . As long as Eq. (34) is satisfied, linear response

theory provides a very general and accurate framework. The very few treatmentes that

have analyzed non small-signal electrical responses,37,59 only deal with very restricted sets

of experimental conditions.

Under excitation (33), all quantities become armonically time-dependent: Φ0(x) ≡
Φ(x, V )|V =V0

⇒ Φ(x, t) = Φ0(x) − ∆Φ(x, t) = Φ0(x) − Φ̃(x)eiωt, QS0 ≡ QS(V )|V =V0
⇒

QS(t) = QS0 + ∆QS = QS0 + Q̃Seiωt, V1i0 ≡ V1i(V )|V =V0
⇒ V1i(t) = V1i0 +

∆V1i = V1i0 + Ṽ1ie
iωt, or Qν0(x) ≡ Qν(x, V )|V =V0

⇒ Qν(x, t) = Qν0(x) + ∆Qν(x, t) =

Qν0(x) + Q̃ν(x)eiωt. We distinguish with a zero subscript the stationary part of the ar-

monic time dependent quantities.70 Note that also the Fermi distribution function fFi

acquires a time dependent component, in such a way that the steady-state distribu-

tion fFi0(E, EFi0) ≡ fFi(E, EFi; V )|V =V0
becomes t-dependent: fFi(t) = fFi0(E, EFi0) +

∆fFi(t) = fFi0(E, EFi0) + f̃Fie
iωt.

Now, under the transient regime imposed by Eq. (33), two different tipes of oscillating

currents appear: (1) Transport currents, which are oscillating currents originated in the

steady state conduction current JR0 of Eq. (32), which is now also time-dependent: JR0 ⇒
JR(t) = JR0 + ∆JR = JR0 + J̃Reiωt. (2) Displacement currents, due to the oscilation of the

free charge densities QR and QL at the limits of the space charge region. These currents are

intrinsically tied to the non-steady state regime and they did not exist at all under steady

state conditions. The total current is therefore

J(t) = JR(t) + JRd(t) = JR + Q̇R, (35)

where the transport component JR is given by Eq. (30), while the displacement component

JRd is given by

JRd ≡ d

dt

√
2qeε0εrN0(ΦB + V )
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=
CR

qe

{(
∂ΦB

∂QS

)
Q̇ +

(
∂ΦB

∂V

)
V̇ + qeV̇

}
. (36)

We now proceed by expanding J(t) in Taylor series around its steady state value, retaining

only the terms linear in ∆V (t). Our aim is then to factorize ∆V and obtain the admittance

as ∆J/∆V . Actually, in the case without deep levels, Eq. (18) greatly simplifies and the

partial derivatives in Eq. (36) become straightforward. This allows to write an explicit

expression for Eq. (36), to first order in ∆V :

JRd = Q̇R = iω∆QR =
iωCR

CL + CR

∆QS +
iωCLCR

CL + CR

∆V. (37)

Where we have introduced the geometrical capacitances of the direct and reverse biased

sides of the depletion layer

CL(V ) =
ε0εr

xL0(V )
=

√
qeε0εrN0

2ΦB

, (38)

CR(V ) =
ε0εr

xR0(V )
=

√
qeε0εrN0

2(ΦB + V )
. (39)

Analogously, we can expand ΦB(t) and qeV1i(t) in Taylor series up to first order in ∆V . The

expression for ΦB(t) is straightforward:

ΦB(t) = ΦB0 −∆ΦB = ΦB0 − Φ̃Beiωt

= ΦB0 − CR0

CL0 + CR0

∆V +
1

CL0 + CR0

∆QS, (40)

which may be written as

−∆ΦB =
∆QR

CR0

−∆V =
∆QL

CL0

. (41)

The calculation for qeV1i(t) is not so straightforward, and is presented in Appendix A. The

result is:

qeV1i(E, t) = qeV1i0 +
CR0

CL0 + CR0

qe∆V

− qe

CL0 + CR0

∆QS

+
kBT

qeNS(E)f ′Fi0

∆qS(E), (42)

where the function qS(E) has been introduced, whose dimensions are charge/(area ×
energy). It represents the amount of charge per unit area trapped at the interface in
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electronic states within a range dE around E. Therefore, the total charge per unit area at

the interface is obtained as

QS =
∫ EC

EV

qS(E)dE. (43)

Recall that QS (hence also qS(E)) are functions of the bias and the barrier height: QS ≡
QS(V, ΦB).

Equations (37)-(40), and (42), involve a crucial term: ∆QS ≡ ∆QS(t) ≡ ∆QS(t; V, ΦB),

representing the oscillation of the interface trapped charge and, therefore, containing all the

information about the electrical dynamics of the interface. The calculation of the quantity

∆QS follows the ideas originally introduced by Pike,32 modified in such a way so as to

incorporate a distribution of interface recombination properties. It is given in Appendix

B. The result is that we can describe interface dynamics through a complex capacitance

CQ(ω) ≡ CQ(ω; V0, ΦB0), which contains all the information about the interface electronic

structure and recombination properties

∆QS(t) = CQ(ω)∆V (t), (44)

and which is given by Eqs. (B2)-(B5). With the aid of Eqs. (40), (42), (44), and (A13), we

can now expand the transport component JR in Eq. (35) [which, in turn, is given by Eq.

(30)], in Taylor series around the steady state values (see Appendix C) obtaining:

Y (V0, ω) = G0 +
qeJ0 (CQ0 − CQ(ω))

kBT (CL0 + CR0)

−
[

1

2τFi0

(
1 +

2

1 + e−qeV0/kBT

)
+

q2
eNT1(EFi0)

2 (CL0 + CR0)

]
(CQ0 − CQ(ω))

+
iωCR0CQ(ω)

CL0 + CR0

+ iωCs0, (45)

where J0 ≡ J tot
0 = J trav

R0 +J ce
R0 is given by Eq. (32), while the steady state conductance, limit

ω → 0 of Eq. (45), is given by:

G0 =

[
qeJ0

kBT (CL0 + CR0)
− q2

eNT1(EFi0)

2 (CL0 + CR0)

]

× (CR0 − CQ0)) +
CQ0

2τFi0

(
1 +

2

1 + e−qeV0/kBT

)

+
qeA

kBT
e−(ξ+qeΦB0+qeV0)/kBT . (46)
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In these expressions we have used Eqs. (B3), (C3), and (C4). Also, we have introduced the

total series geometrical capacitance:

Cs ≡ Cs(V, ΦB) =
CLCR

CL + CR

. (47)

V. NON-STEADY STATE CHARGE TRANSPORT IN THE PRESENCE OF

DEEP LEVELS

A. Bulk trap dynamics

Under the transient conditions imposed by Eqs. (33) and (34), the Fermi distribution

function for the deep traps becomes time dependent fFν ≡ fFν(Eν , EF ; x, t) ≡ fFν(x, t):

Eν(x) ⇒ Eν(x, t)

ξ(x) ⇒ ξ(x, t)

fFν0(x) ≡ fFν(x, V0) ⇒ fFν(x, t) = fFν0(x) + f̃Fνe
iωt.

(48)

Note that the time-dependence of the Fermi distribution function has different origins in

the case of the bulk levels than in the case of the interface. Under the transient conditions

given by Eqs. (33) and (34), the function

fFi(E,EFi) =
1

1 + exp [(E − EFi) /kBT ]
(49)

acquires a time-dependence

fFi0 ≡ fFi(V )|V =V0≡cte. ⇒ fFi(t) = fFi0 + f̃Fie
iωt, (50)

which is a consequence of the armonic oscillation of both the barrier height ΦB and the

function V1; on the contrary, the time variation of fFν is a consequence of the armonic

modulation that the time-dependent external field imposes over the relative positions of

EC(x) and EF (x).

The dynamics of the charge trapped in the ν − th deep level is determined from the

kinetic detailed-balance equation within the Shockley-Read-Hall statistics:

(
dnν

dt

)
= cνnpν − eνnν , (51)
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where n is the free carrier density in the conduction band, nν = Nν × fFν(Eν , EF ) and

pν = Nν − (Nν × fFν(Eν , EF )) = Nν − nν are, respectively, the densities of occupied and

unoccupied states at the ν − th level, and fFν is given by Eq. (11). The former equations

define the so called emission and capture coefficientes eν and cν . These coefficients are

not independent, but they are mutually related through the detailed balance principle in

themodynamic equilibrium:60

eν = gντ
−1
c exp

(
−EF − Eν

kBT

)
= gνcνn exp

(
−EF − Eν

kBT

)
(52)

Under the additional hypothesis of non-degenerate semiconductor, we can use Maxwell-

Boltzmann statistics in order to write

n = NC exp
(
−EC − EF

kBT

)
(53)

with NC = 2(2πm∗
DOSkBT/h2)3/2MC , where MC is the number of equivalent minima in the

conduction band, m∗
DOS ≡ (m1m2m3)

1/3 is the density of states effective mass, and m1, m2,

and m3 are effective masses along the main axis on the energy surface. Introducing Eq. (53)

in Eq. (52) we finally write

eν = gνcνNC exp
(
−EC − ET

kBT

)

= gνvthσνNC exp
(
−EC − ET

kBT

)
(54)

Note that
dnν

dt
= −dpν

dt
, (55)

so (
−dpν

dt

)
= cνnpν − eνnν , (56)

which may be written as
(
−dQν

dt

)
= cνnqeNν (1− fFν(Eν , EF ))

−eνqeNνfFν(Eν , EF ), (57)

Now, by using Eqs. (53) and (54), we finally rewrite Eq. (57) as

d

dt
Qν = −cνNCqeNν (1− fFν(Eν , EF ))

× exp

(
−EC(x)− EF

kBT

)

+gνcνqeNCNνfFν(Eν , EF ) exp (−εν/kBT ) (58)
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Note that we made use of the fact that, despite EC and Eν being x-dependent, the quantity

ξν ≡ EC(x)−Eν(x) is constant. In linear response theory, the charge dynamics is obtained

by expanding to first order any time-dependent quantity in Eq. (58). This procedure is

straightforward once we define the quantity

n(x, t) = n0(x) + ∆n(x, t) = n0(x) + ñ(x)eiωt

= NC exp

(
−EC0(x)− EF

kBT

)

+NC exp

(
−EC(x, t)− EF

kBT

)
(59)

where EC(x, t) is given by EC(x, t) = EC0(x) − ∆EC(x, t) = EC0(x) − ẼC(x)eiωt, with

ẼC(x) = −qeΦ̃(x). We can now apply standard procedures61 to obtain

Q̃ν(x) =
fFν0(x) (1− fFν0(x))

kBT

qeNν

1 + iωτν(x)
qeΦ̃(x), (60)

with the relaxation time

τν(x) =
qe

Aσν

fFν0(x) exp [(EC0(x)− EF ) /kBT ]. (61)

We can now introduce the Schottky approximation by writting

fFν0(x) (1− fFν0(x)) = δ [Eν0(x)− ξ(x)]

= δ [−ε′ν + qeΦ0(x)] (62)

and, using

δ [h(x)] =
∑

j

1

|h′(xj)|δ (x− xj) ∀xj : h(xj) = 0, (63)

and bearing in mind that ε′ν is a constant, and using h(x) = −ε′ν + qeΦ0(x), we finally write

δ [−ε′ν + qeΦ0(x)] =
1

qe |Φ′
0(−xLν0)|δ (x + xLν0) . (64)

This last step is only possible by virtue that the function h(x) = −ε′ν + qeΦ0(x) =

Eν0(x)− ξ vanishes when x is exactly equal to −xLν0, i.e., when the trap energy crosses the

Fermi level. A straightforward calculation yields

|Φ′
0(−xLν0)| = 1

ε0εr

ν−1∑

µ=0

qeNµ(xLµ0 − xLν0), (65)
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in such a way that

Q̃ν(x) =
qeNν

kBT

1

1 + iωτν(x)

1

|Φ′
0(−xLν0)|δ (x + xLν0) Φ̃(x), (66)

and

Q̃Lν ≡
∫ 0

−∞
Q̃ν(x)dx

=
qeNν

kBT

1

|Φ′
0(−xLν0)|

Φ̃(−xLν0)

1 + iωτν(−xLν0)
, (67)

where τ ν(x) is given by Eq. (61). Equation (67) is the analytical expression of the Dirac

delta approximation discussed by Shiua and Bube;62 its physical meaning is that, when

xLν0 → xLν0 + δxLν0 as a consequence of an increase in the steady state component of the

applied field, the increase in ionized charge due to the ν-th trap is assumed to be perfectly

localized at x = −xLν0. This assumption has been shown62,63 to affect only very slightly

all those integrated quantities as the capacitance, whose actual value only depends upon

the total charge supplied to the external circuit. At this point, by directly applying Gauss

theorem, the variation in the electrostatic potential at x = −xLν0 depends upon charge

variations in each one of the points x = −xLµ0 with µ < ν according to

Φ̃(−xLν0) =
1

ε0εr

ν−1∑

µ=0

(xLµ0 − xLν0)Q̃Lµ, (68)

so, taking Eq. (65) into account,

Φ̃(−xLν0)

|Φ′
0(−xLν0)| =

ν−1∑
µ=0

(xLµ0 − xLν0)Q̃Lµ

ν−1∑
µ=0

qeNµ(xLµ0 − xLν0)
. (69)

Equations (67), (68), and (69) lead to the following relation between the retarded dy-

namics of the deep levels and the instantaneous response of the shallow donor:

Q̃Lν = rνQ̃L0, (70)

where the coefficients rν are given by r0(ω) ≡ 1 and
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rν(ω) =
1

1 + iωτν

ν−1∑
µ=0

(xLµ0 − xLν0) rµ(ω)

ν−1∑
µ=0

(xLµ0 − xLν0) (Nµ/Nν)
, (71)

τν =
qe

AT 2σν(1 + gν)
eξν/kBT . (72)

∀ν > 1. If we now apply Gauss theorem again, we find

−Φ̃B ≡ Φ̃(x = 0) =
1

ε0εr

d∑

ν=0

xLν0Q̃Lν

=
d∑

ν=0

xLν0

ε0εr

rνQ̃L0

=

(
d∑

ν=0

xLν0

ε0εr

rν

)
Q̃L0

=

(
d∑

ν=0

xLν0

ε0εr

rν

)
Q̃R0 − Ṽ (73)

Comparing Eq. (73) with Eq. (41) we see that, defining

CL(ω) = ε0εr

d∑
α=0

rα(ω)

d∑
α=0

xLα0 rα(ω)
, (74)

and

CR(ω) = ε0εr

d∑
α=0

rα(ω)

d∑
α=0

xRα0 rα(ω)
, (75)

then Eqs. (41) and (73) are identical except for the change from real-valued constants CR0

y CL0 to complex-valued and ω-dependent quantities CR(ω) and CL(ω):

−∆ΦB =
∆QR

CR(ω)
−∆V =

∆QL

CL(ω)
. (76)

Equations (74) and (75) are the same as those deduced by Blatter and Greuter33 from a

different charge-balance equation. However, these authors (as well as all subsequent studies)

assumed that Eqs. (74) and (75) are reducible to a simple sum of independent Debye-like

terms, which amounts to the particular case in which a dominant shallow donor exists, i.e., to

20



the case N0 >> Nν ∀ν. Only very recently we have noticed26 that Eqs. (74) and (75) repre-

sent a strongly coupled system, in which the various deep levels are strongly coupled among

themselves through the solution of the Poisson equation. The assumption N0 >> Nν ∀ν was

found to be generally incorrect and the electrostatic coupling between the deep levels was

shown to provide a consistent explanation for typical non-Debye dielectric responses. We

can say that the set of equations (74) and (75) do indeed fulfill the requirements suggested

by several authors,64 who emphasized the inappropriateness of usual assumptions for dielec-

tric analysis, which involve distributions of uncoupled relaxation times descrbing parallel,

independent processes.

B. Electrical response

We first note that

dqS(E, t)

dt
= qeNS(E)

dfFi(E, t)

dt
, (77)

i.e.,

∆fFi(E, t) =
∆qS(E, t)

qeNS(E)
. (78)

Now, from Eqs. (27) y (29), we can write the interface charge balance equation as:

q̇S(E, t)dE = dJcapt − dJemis

= qeNS(E)cS(E)[1− fFi(t)]nS(t)dE

−qeNS(E)eSfFi(t)dE (79)

with [recall Eq. (26)]

qecS(E)nS(t)dE ≡ AσS(E) (1 + exp(−qeV/kBT ))

× exp (−(ξ + qeΦB)/kBT ) dE, (80)

and

qe eS(E) dE ≡ 2AσSe−(EC−E)/kBT dE. (81)
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All the time dependent quantities are contained in fFi(t) and nS(t). Therefore, Taylor

expansion of Eq. (79) only involves the quantities ∆fFi(t) ≡ ∆fFi(E, t) and ∆nS(t). Hence,

substituting

fFi(t) = fFi0 + ∆fFi(t) = fFi0 + f̃Fie
iωt, (82)

and

nS(t) = nS0 + ∆nS(t) = nS0 + ñSeiωt, (83)

in Eq. (79), we obtain:

q̇S(E, t) = qeNS(E)cS(E)

= ×[(1− fFi0)nS0 + (1− fFi0)∆nS − nS0∆fFi]

−qeNS(E)eS(fFi0 + ∆fFi).

This equation may be simplified through the use of the relation between the capture and

emission coefficients provided by the detailed balance condition:

qeNS(E)cS(1− fFi0)nS0 = qeNS(E)eSfFi0.

so that

q̇S(E, t) = qeNS(E)cS

[
(1− fFi0)∆nS − nS0

∆fFi

fFi0

]
. (84)

Now, given that

q̇S(E, t) = iω∆qS(E, t),

we can substitute Eq. (78) in Eq. (84) in order to obtain an expression for ∆fFi(t):

iω∆fFi = cS(1− fFi0)∆nS − cSnS0
∆fFi

fFi0

. (85)

so

∆fFi =
fFi0(1− fFi0)

1 + iωfFi0/cSnS0

∆nS

nS0

, (86)
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which, substituted back into (84), finally yields

∆qS(E, t) = qeNS(E)fFi0(1− fFi0)

= × 1

1 + iωfFi0/cS(E)nS0

∆nS

nS0

. (87)

Additionally, by expanding Eq. (80) around the steady state, one finds:

∆nS

nS0

=
qe

kBT

(
∆ΦB − ∆V

1 + eqeV0/kBT

)
, (88)

so Eq. (87) becomes

∆qS(E, t) =
q2
e

kBT
NS(E)fFi0(1− fFi0)

= × 1

1 + iωfFi0/cS(E)nS0

×
(
∆ΦB − ∆V

1 + eqeV0/kBT

)
. (89)

We can finally integrate Eq. (89) over energies and, by using the definition (B4):

∆QS(t) =
q2
e

kBT

(
∆ΦB − ∆V

1 + eqeV0/kBT

)
× lim

s→iω
I(s)

≡ q2
e

kBT
I(iω)

(
∆ΦB − ∆V

1 + eqeV0/kBT

)
. (90)

It must be stressed that Eq. (90) is completely general: it has been obtained from the

kinetic equation for capture/emission at the interface, without any mention to any particular

shape for the barrier geometry: any information about this is contained within ∆ΦB. In fact,

it is possible to check the consistency of the formalism by substituting back the specific form

of ∆ΦB, as given in Eq. (40) in the absence of deep levels, and verifying that one obtains

Eqs. (B2)-(B5), which were obtained by explicit calculation from the without-deep-levels

case.

We now realize that the whole model is based on the following set of equations: First,

the electroneutrality condition, Eq. (14):

QS = QR + QL, (91)
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then, Gauss theorem in the reverse biased side, Eq. (73):

−∆ΦB =
∆QR

CR

−∆V, (92)

and Gauss theorem in the direct biased side, Eq. (73):

−∆ΦB =
∆QL

CL

. (93)

We now realize that Eqs. (90)-(93) are a set of four algebraic equations with four un-

knowns (∆ΦB, ∆QS, ∆QR, and ∆QL), which are to be obtained as a function of ∆V . The

solution of this system reproduces Eqs. (37)-(40), and (44), which are the basis to obtain

the general expression (45). Recall that Eqs.(92) and (93), in the case of a non-negligible

amount of deep levels, requiere the use of the complex and frequency-dependent quantities

CL(ω) ∈ C y CR(ω) ∈ C instead of the real constants CR ∈ R and CL ∈ R. These quantities

CL(ω) and CR(ω) contain all the information about the energetics and dynamic properties

of deep levels in the space charge region. Hence, we find the following scenario: when deep

levels are accounted for, Eq. (90) holds on as it is not supported on the absence or presence

of deep levels; Eq. (93) implements the charge neutrality condition and is perfectly valid as

long as one interprets that the total charges per unit area QR and QL are given by Eq. (13);

finally, Eqs. (91) and (92) hold the same with the change CR → CR(ω) and CL → CL(ω).

In this way, the set of equations that determine ∆ΦB, ∆QS, ∆QR, and ∆QL, as a function

of ∆V , is formally identical: Eqs. (40)-(42), (44) and, most prominently, Eq. (45) are

identically valid in the presence of deep levels, even when substantially more complicated

due to the change CR → CR(ω) and CL → CL(ω). In particular, the real quantity Cs0 turns

into the complex quantity Cs(ω):

Cs0 =
CL0CR0

CL0 + CR0

⇒ Cs(ω) =
CL(ω)CR(ω)

CL(ω) + CR(ω)
, (94)

and Cs(ω) is only the same as the geometrical capacitance per unit area of the DSB structure

Cgeom =
ε0εr

xR00 + xL00

, (95)

in the very high frequency limit ω →∞ [see Eqs. (70)-(75)].

The final expression for the admittance of the DSB structure is therefore analogous to

Eq. (45):
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Y (V0, ω) =
qeA

kBT
e−(ξ+qeΦB0+qeV0)/kBT

+

{
qeJ0

kBT [CL(ω) + CR(ω)]
− q2

eNT1(EFi0)

2 [CL(ω) + CR(ω)]

}
[CR(ω)− CQ(ω)]

+
[

1

2τFi0

(
1 +

2

1 + e−qeV0/kBT

)]
CQ(ω)

+
iωCR(ω)CQ(ω)

[CL(ω) + CR(ω)]
+ iωCs(ω). (96)

Note that, from Eqs. (B4)-(B5), the expression for CQ(ω) becomes:

CQ(ω) =
KV0I(iω)

[CL(ω) + CR(ω)] kBT/q2
e + I(iω)

, (97)

where

KV0 ≡ CR(ω)− fV0 × [CL(ω) + CR(ω)]

= CR(ω)− CL(ω) + CR(ω)

1 + eqeV0/kBT
, (98)

while Eqs. (B3) and (B4) for I(s) remain literally valid. Note finally that, in thermodynamic

equilibrium,

C(0)
s (ω) =

C
(0)
L (ω)

2
=

C
(0)
R (ω)

2
. (99)

an expression that yields in the basis of the recently explained26 non-Debye spectral response

of polycrystalline semiconductors.

Note that, in order for Eqs. (96)-(98), (B3), and (B4) to be useful in spectroscopic

procedures, we need to parametrize the functions NS(E) and σS(E). A parametrization

has been already presented,65 based in the results of Ref. 18, where NS(E) is chosen to be

NS(E) = N0(E) + N1(E) + N2(E), where N1(E) and N2(E) are three-parameter gaussian

functions intersecting the interface quasi-Fermi level, while N0(E) is a gaussian that lies well

below the interface quasi-Fermi level, providing a certain amount of static interface charge,

and therefore carrying just one parameter:

NS(E) =
NS0√

2π
e−

(E−2)2

2 +
NS1√

2π
e
− (E−ES1)2

Σ2
1 +

NS2√
2π

e
− (E−ES2)2

Σ2
2 .

Consequently, the distributed capture cross-section is chosen to be

σS(E) =
σS1N1(E) + σS2N2(E)

N1(E) + N2(E)
,

where σS1 and σS2 are constants.
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VI. CONCLUSIONS

We have developed a theoretical framework for the study of the electrical response of

material systems with electrically active interfaces. This framework extends previous ones,

allowing the analysis of relevant physical properties not covered by previous models. It also

provides a unified formalism that was lacking up to now. Our model yields closed equations

in which all the relevant physical quantities appear as parameters that can be adjusted from

experimental data covering a huge range of frequencies (up to 14 orders of magnitud have

been measured in Ref. 66), and a broad range of temperatures and externally applied fields.

In providing a meaningful interpretation for the electrical response, our model allows

for the development of new spectroscopic techniques that have already revealed part of its

potential. We have already explored some simple limits of the formalism and have shown

its usefulness. Thus, for example, in Ref. 37, we have proved the important role that the

strong barrier pinning property plays in C-V characterization techniques: this role was not

clearly understood, leading to conceptually and quantitatively erroneous characterization

procedures. We have also given some first steps towards a comprehensive broadband spec-

troscopic technique, based on simple limits of the equations here presented, that, despite its

simplicity, have already yield relevant results18,26,38. However, more general parametrizations

and extended measuring ranges are much desirable. In this sense, numerical examples of

the general equations presented here, as well as the full broadband spectroscopic technique,

exploiting the equations here presented in its full power and generality, will be the subject

of a forthcoming paper.

APPENDIX A: TIME DEPENDENCE OF V1i AND THE FERMI DISTRIBU-

TION

We initially assume that the interface density of states is the sum of several monoenergetic

levels:

NS(E) =
M∑

k=1

NSkδ(E − ESk). (A1)

Under non-steady state conditions, there is no single quasi-Fermi level governing the

occupation statistics of interface traps. Instead, each of the levels ESk appearing in Eq. A1
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will be governed by a different quasi-Fermi level.32,67 In this way, both the interface quasi-

Fermi level EFi and the function V1i take yet another subscript that identifies the particular

level they govern:

EFi ⇒ EFik k = 1, ..., M

V1i ⇒ V1ik k = 1, ...,M.

Under the excitation given by Eq. (33), the functions V1ik change ∀k = 1, ...,M from

a constant quantity V1ik0 ≡ V1ik(V, QS)|V =V0,QS=QS0
to a time dependent one V1ik(t) ≡

V1ik(V (t), QS(t)) = V1ik0 + ∆V1ik(t) = V1ik0 + Ṽ1ike
iωt, where

EFik0 ⇒ EFik(t) = EG − ξ − qeΦB(t)− qeV1ik(t)

= EFik0 + ∆EFik(t) = EFik0 + ẼFike
iωt. (A2)

Expanding V1ik in Taylor series around V1ik0 up to first order,

qeV1ik(t) = qeV1ik0 +
∂V1ik

∂V
qe∆V

+ qe

(
∂V1ik

∂QSk

)

V,QSj 6=k

∆QSk

+ qe

M∑

j=1,j 6=k

(
∂V1ik

∂QSj

)

V,QSm6=j

∆QSj, (A3)

where the k − th charge QSk(t) = QSk0 + ∆QSk(t) = QSk0 + Q̃Ske
iωt is obtained from the

Fermi distribution in the usual way:

QSk(t) ≡ QSk(V, ΦB; ESk) = qeNSkfFi(ESk, EFik). (A4)

Note that the relation between the time variation of the charge trapped at the k−th level

and the corresponding Fermi distribution describing the occupation statistics of that trap

is just ∆QSk(t) = qeNSk∆fFik. Also, note carefully the meaning of the various subscripts.

For example, in V1ik0, the first subscript belongs to the name of the very quantity; the

second , i, identifies this quantity as being evaluated at the interface; the third one, k,

means that we are dealing with the quasi-Fermi level associated with the k− th energy level

ESk, with density NSk; the last subscript, 0, refers to the convention by which we attach a

subscript 0 to any quantity when evaluated in steady-state, i.e., to the stationary part or

any time-dependent quantity.
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The partial derivatives in Eq. (A3) are easily by deriving Eq. (A4) with respect to Qk,

Qj 6=k, and qeV . In this way, the following expression is obtained:32

qeV1ik(t) = qeV1ik0 +
CR0

CR0 + CL0

qe∆V

− qe

CL0 + CR0

∆QS

+
kBT

qeNSkf ′Fik0

∆QSk. (A5)

with QS =
∑

QSk and f ′Fik is the derivative of the Fermi distribution with respect to its

absolute argument xk, with

xk ≡ Ek − EFik

kBT
=

Ek − EG + ξ

kBT
+

qeΦB + qeV1ik

kBT
. (A6)

In the last term of Eq. (A5), a derivative of the Fermi distribution appears. One must

note that

fFik(ESk, EFik) =
1

1 + e(ESk−EFik)/kBT
,

which, for each ESk, is a function of the variable EFik ≡ EFik(t). The derivative of the

Fermi distribution is

f ′Fik0 ≡ −fFik0(1− fFik0)

= − 1

1 + e(ESk−EFik0)/kBT

×
(
1− 1

1 + e(ESk−EFik0)/kBT

)
,

which is a real number for each (V0, ΦB0) such that, if EFik0 ≡ EFik0(V0, ΦB0) lies several kBT

above ESk, then f ′Fik0 ≈ 0, hence contributing a diverging amount to Eq. (A5). However,

the actual term that appears in Eq. (A5) is ∆QSk/f
′
Fik0, and the factor ∆QSk represents

the variation in trapped charge at the k − th level. This variation happens because of the

oscillation of ΦB y V1i inside EFik. The possibility f ′Fik0 ≈ 0 due to EFik0 − ESk > 4kBT

automatically implies ∆QSk ≈ 0, as the level occupation can only change if its quasi-Fermi

level is oscillating close to the actual energy level. Thus, for example, in case EFik0−ESk >

4kBT , then the k− th level is almost completely occupied and the amount of charge trapped

at this level is not going to change due to small oscillations [smaller than kBT due to Eq.

(34] of its quasi-Fermi level. The quotient ∆QSk/f
′
Fik0 keeps therefore, finite.
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We can now generalize Eq. (A5), turning the discrete index i into a continuous variable

E:

∆QSk ≡ ∆QSk(t) → ∆qS(E)dE ≡ ∆qS(E, t)dE

NSk → NS(E)

V1ik → V1i(E)

(A7)

where the function qS(E) [see Eq. (42)] has been introduced. Note that the

quantity qS is actually qS ≡ qS(E, V, ΦB; t) although we usually write simply

qS(E, t) = qS0(E) + ∆qS(E, t) = qS0(E) + q̃Seiωt. Also, note that

∆QS(t) =
∫ EC

EV

∆qS(E, t)dE. (A8)

With these definitions, Eq. (42) emerges immediately as the continuous version of Eq.

(A5). Equation (42) should be interpreted as follows. Under non-steady state regime, the

quasi-Fermi level EFi0 = EG − ξ − qeΦB0 − qeV1i0 becomes distributed, i.e., becomes an

E − dependent quantity, EFi ≡ EFi(V, ΦB, E, t) = EG − ξ − qeΦB − qeV1i(E, t) = EFi0 −
qe(∆ΦB+∆V1i) = EFi0+∆EFi(E, t). Clearly, if ∆V << kBT , then ∆EFi(E, t) << kBT, ∀E
and ∀t. Therefore, the quasi-Fermi level EFi0 is distributed through a narrow energy region,

restricted around the value it had under steady-state conditions. Each energy E in the gap,

whose occupation was governed in steady-state by a single, well defined, quasi-Fermi level

EFi0, is now governed by a particular EFi(E), but this EFi(E) is numerically very similar to

the original EFi0 except for a small correction which is less than kBT . If the energy E lies

close to EFi0, then the change from EFi0 to the new EFi(E) may have strong effects upon

∆qS(E), but otherwise it will be ∆qS(E) ≈ 0. Therefore, to a very good accuracy, we can

write

∆qS(E) ∼ ∆QS × δ(E − EFi0), (A9)

whose meaning is that, under non-steady state conditions, the oscillation in the total charge

trapped at the interface, ∆QS, takes place in a very narrow energy range around the steady

state value of the quasi-Fermi level at the interface.

We can use these results to explicitly evaluate the time variation of the interface Fermi

function itself, hence obtaining a self-consistency argument of the whole formalism. In

steady state fFi0 depends upon barrier height ΦB0 and (indirectly) upon the quantity V1i0.

Therefore we can write:
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fFi0(E) ≡ fFi(E, EFi0) ≡ fFi(E, ΦB0, V1i0). (A10)

Under non-steady state we can expand up to first order to obtain:

fFi(E, t) = fFi0(E) + ∆fFi(E, t)

= fFi0(E) +

(
∂fFi

∂ΦB

)

V1i0

∆ΦB

+

(
∂fFi

∂V1i

)

ΦB0

∆V1i. (A11)

The derivatives are evaluated to yield:

(
∂fFi

∂ΦB

)
=

(
∂fFi

∂V1i

)
= − qe

kBT
fFi (1− fFi) , (A12)

which, introduced in (A11), yields:

∆fFi(E, t) =
∆qS(E, t)

qeNS(E)
(A13)

which is the expected expression for the variation of the trapped charge as a function of the

variation of the Fermi distribution [see Eq. (77)]

APPENDIX B: INTERFACE TRAPPED CHARGE DYNAMICS

The capture/emission dynamics at the interface is obtained by writting and solving a

kinetic equation for the variation of the charge per unit area trapped at the interface, ∆QS

. We incorporate to the equations the energy-distributed capture cross-section, and we

essentially follow the Pike’s idea of solving the equation by means of the Laplace transform

technique.32 The charge balance equation is

q̇S(E, t)dE = dJcapt − dJemis

= AσS(E)NS(E) (1− fFi(E,EFi))

× exp (−(ξ + qeΦB)/kBT )

×
{
1 + e−qeV/kBT − 2e−qeV1i/kBT

}
dE (B1)

We have to integrate Eq. (B1) both over energies and time [see Eq. (A8). The integration

over the t variable is simplified by expanding all the quantities around their steady-state
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values to first order. Therefore, we expand ΦB, V1i, and fFi(E, EFi) and, following the

method introduced by Pike,32 we Laplace-transform the resulting equation and perform the

integral over energies. The result is that ∆QS(t) = CQ(ω)∆V (t), with:

CQ(ω) = lim
s→iω

KV0I(s)

(CL0 + CR0)kBT/q2
e + I(s)

, (B2)

with the time and energy dependent relaxation time

τ ≡ τ(E, V0, ΦB0) =
qe

2AσS(E)
exp {(ξ + qeΦB0 + qeV1i0)/kBT}. (B3)

and with

I(s) =

EC∫

EV

NS(E)fFi0(E)(1− fFi0(E))

1 + sτ(E) fFi0(E)
dE, (B4)

and

KV0 ≡ CR0 − fV0 × (CL0 + CR0) = CR0 − CL0 + CR0

1 + eqeV0/kBT
. (B5)

The result described by Eqs. (B2)-(B5) introduces a characteristic time-scale for cap-

ture/emission processes at the interface, given by the quantity τ from Eq. (B3). Note that

τ ≡ τ(V0), as it depends on ΦB0 and qeV1i0, both function of V . Were it be τ = 0, i.e., were

it be instantaneous the reaction of interface states to changes in the local position of the

quasi-Fermi level, then Eq. (B2) would present no imaginary part, and would not introduce

any specific effect. It is precisely the retarded dynamics of the interface electronic structure,

unable to instantaneously respond to the bias fluctuations, that introduces an out-of-phase

modulation in the currents flowing across the system. One of the most clear manifestations

of this characteristic field and energy dependent interface response time is the appearance of

excess capacitances at low frequencies, which is illustrated in Figs. 2 and 3. From Eq. (B3),

we see that the relaxation time exponentially decreases when the bias increases. For a given

barrier height, at a fixed frequency ω and for a small bias, the quantity 1/τ will be small, so

that ωτ2 << 1 and the interface will be unable to follow the measuring signal (much in the

same way as it happens with the deep levels, as discussed in Ref. 37). Upon increasing bias,

τ decreases, so there is a point where ωτ2 ≈ 1 and, at this point, the interface enters into

a resonance situation with the applied signal, hence given rise to a sudden and pronounced

increase in the capacitance. This kind of behaviour is a nitid clue for the presence of elec-

trically active interfaces in the system. For example, Figs. 2 and 3 correspond to ceramic

ZnO : Bi2O3 samples with highly active interfaces, and we can see how they clearly follow

the kind of behavior predicted by Eqs. (B2)-(B5).
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FIG. 2: Espectral behavior of capacitance Im {Y (ω)/ω} for a sample of ceramic ZnO : Bi2O3

material

FIG. 3: Capacitance response under an external applied field for the same sample as above. The

resonance due to the activation of interface is clearly seen and it constitutes a clear sign of the

presence of electrically active interfaces.

APPENDIX C: ELECTRICAL RESPONSE WITH EXPLICIT CONSIDERA-

TION OF INTERFACE CHARGE DYNAMICS

We start from Eqs. (30) and (35), where the E − dependent nature of the interface

capture cross-section has already been introduced. We rewrite these equations as J =

J transp
R + Jdesp

R = J trav
R + J ce

R + Q̇R, where J trav
R = Jinc,LR − Jinc,RL [see Eq. (30)], while

J ce
R =

1

2

∫
dJemisdE −

∫
dJcapt,LRdE

= A× exp [−(ξ + qeΦB)/kBT ]
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×
∫

σS(E)NS(E)[1− fFi(E, EFi)]

[exp(−qeV1i/kBT )− 1]dE. (C1)

The expansions of J trav
R and Jdesp

R are straightforward.32 We will therefore deal with the

expansion of J ce
R . By using Eqs. (40), (42), (44), (A8), and (A13), we can write Eq. (C1)

up to first order as:

J ce
R ≈ Λ

(
1− β

kBT
∆QS +

α

kBT
∆V

)

×
∫ EC

EV

σS(E)NS(E)

(
1− fFi0 − ∆qS(E)

qeNS(E)

) [(
e−qeV1i0/kBT − 1

)

− α

kBT
∆V e−qeV1i0/kBT +

β

kBT
∆QS e−qeV1i0/kBT −µ(E)

kBT
∆qS(E) e−qeV1i0/kBT

]
dE,(C2)

where Λ ≡ A?T 2 × exp [−(ξ + qeΦB0)/kBT ], α ≡ qeCR0/(CL0 + CR0), β ≡ qe/(CL0 + CR0),

and µ(E) ≡ −kBT/[qeNS(E)fFi0(E)(1− fFi0(E))]. We also define:

NT1(EFi0) =
1

kBT

∫ EC

EV

NS(E)(1− fFi0(E,EFi0))

τ(E)
dE, (C3)

and [see Eq. (B3)]

τFi0 = τ(E, V0, ΦB0)| E=EFi0
. (C4)

With all these definitions, and using Eq. (A9), we can write Eq. (C2) retaining only first

order terms. Then, we evaluate the admittance and we finally obtain the results in Eqs.

(45)-(39). Please, note that these equations yield a relevant, yet systematically neglected

contribution to the DSB conductance in equilibrium. We can see that

G
(0)
0 ≡ G0(V0)|V0=0 =

qeA

kBT
e−(ξ+qeΦB0)/kBT

−q2
eN

(0)
T1 (E

(0)
Fi0)

4
, (C5)

where

E
(0)
Fi0 = EFg − qeΦ

(0)
B0 = EG − ξ − qeΦ

(0)
B0, (C6)

Φ
(0)
B0 ≡ ΦB0(V0, QS0)|V0=0 =

(Q
(0)
S0 )2

8 qe ε0 εr ND

, (C7)

33



and

N
(0)
T1 ≡ N

(0)
T1 (E

(0)
Fi0) =

1

kBT

∫ EC

EV

NS(E)(1− fFi0(E, E
(0)
Fi0))

τ (0)(E)
dE, (C8)

with

τ (0)(E) ≡ τ(E, V0)|V0=0 =

(
qe

2AσS(E)

)

× exp [(ξ + qeΦB0)/kBT ], (C9)

which we can also write, with the aid of Eq. (31), as

G
(0)
0 =

(
1− ĉ

2

)
qeA

kBT
e−(ξ+qeΦB0)/kBT . (C10)

to be compared with the usually encountered relation:

G
(0)
0 ≡ G0(V0)|V0=0 =

qeA

kBT
e−(ξ+qeΦB0)/kBT , (C11)

It is worth to point out that, v.g. for ZnO varistors, IDOS have been measured of about

1013cm−2. For typical values of the capture cross section σS ∼ 10−14cm2, this IDOS leads to

ĉ ≈ 0.1, i.e., the error incurred when neglecting the capture/emission component is about

10%. Even more contradictory situations are found in the attempted applications of previous

models to electrocally active interfaces in metal-semiconductor junctions. For example, in

Ref. 34, the authors find results that lead σSNS ≈ 1, in whose case the approximation ĉ ≈ 0

is clearly wrong.
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